Exercise 6E: Solutions
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1a Forall
b There exists
¢ Forall
d Forall
e There exists

f There exists

g Forall
2 a True
b False
¢ True
d False
e False

3 a There exists a natural number n such that 2n? — 4n + 31 is not prime
b Thereexists z € R suchthatz? < z
c ForallzeR,2+4+2%+#1— 22
d There exists z,y € R such that (z + y)? # 22 + y2
e Forallz,ye R,z > yimplies 2 > y? (Intent)

4 3 Ifweletn = 31itis clearthat
om? _4n4+31=2x312-4x31+31

is divisible by 31 and so cannot be prime.

b Letx=1andy= —1sothat
(+y)’=(@1+(-1)° =0,
while,

2y =124 (1) =1+1=2,

1
If z = _, then,
c z = 5. then

d Ifn=3then,
n*-n=27-3=2
is even, although 3 is not.
e Ifm=n=1thenm+n=2whilemn =1.
f  Since 6 divides 2 x 3 = 6 but 6 does not divide 2 or 3, the statement is false.

5 a Negation: For all n € N, the number 9n? — 1 is not a prime number.
Proof: Since

2 —1=3n—-1)3n+1),



10a

and since each factor is greater than 1, the number 9n? — 1 is not a prime number.

Negation: For all n € N, the number n? + 5n + 6 is not a prime number.
Since

n? 4+ 5n+6=(n+2)(n+3),
and since each factor is greater than 1, the number 9n2 + 5n + 6 is not a prime number.

Negation: For all z € R, we have 2 + 22 #£ 1 — z?
Proof: Suppose that 2 + 22 = 1 — 2. Rearranging the equation gives,

2—|—:1:2:1—:132
2% = —1
1

2_ -

M 2,

which is impossible since z2 = 0.
Let a = /2 and b = /2. Then clearly each of a and b are irrational, although ab = 2 is not.

Leta = /2 and b = —+/2. Then clearly each of a and b are irrational, although a + b = 0 is not.

Let a = /2 and b = /2. Then clearly each of a and b are irrational, although % = 1is not.
If @ is divisible by 4 then a = 4k for some k € Z. Therefore,

a? = (4k)® = 16k? = 4(4k?)
is divisible by 4.

Converse: If a? is divisible by 4 then a is divisible by 4.
This is clearly not true, since 22 = 4 is divisible by 4, although 2 is not.

If @ — b is divisible by 3 then a — b = 3k for some k € Z. Therefore,
a® — b = (a — b)(a + b) = 3k(a + b)

is divisible by 3.

Converse: If a2 — b? is divisible by 3 then a — b is divisible by 3.
The converse is not true, since 22 — 12 = 3 is divisible by 3, although 2 — 1 = 1 is not.

This statement is not true since for all a,b € R,

a®—2ab+b =(a—b)2>0> 1.

This statement is not true since for all z € R, we have,

T _4drx 4 5=22_4r1+4_415
(x—2)2+1

vl

A%
W e H

The numbers can be paired as follows:
16 + 9 = 25, 15+ 10 =25
14 + 11 = 25, 13+12=25



14+8=09, 247=09,
4+5=0, 34+6=09.

b  We now list each number, in descending order, with each of its potential pairs.
12 | 4

11 |5
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6
7
1
2
3
4
5
1
7
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Notice that the numbers 2 and 9 must be paired with 7. Therefore, one cannot pair all numbers in the
required fashion.

11 Ifweletz = ¢ then
f(c) = ac® + be+c = clac+b+1)

is divisible by ¢ > 2.



